For a finite group G with a normal subgroup H, the normal subgroup based power graph of G, denoted by Γ H (G) whose vertex set V (Γ H (G)) = (G \ H) {e} and two vertices a and b are edge connected if aH = b m H or bH = a n H for some m, n ∈ N. In this paper we obtain some fundamental characterizations of the normal subgroup based power graph. We show some relation between the graph Γ H (G) and the power graph Γ( 
Introduction
The study of different algebraic structures using graph theory becomes an exciting research topic in the last few decades, leading to many fascinating results and questions, [3] , [4] , [11] , [13] , [17] . Given an algebraic structure S, there are different formulations to associate a directed or undirected graph to S, and we can study the algebraic properties of S in terms of properties of associated graphs.
The directed power graph of a semigroup was introduced by Kelarev and Quinn [16] . If S is a semigroup, then the directed power graph − −− → P(S) of S is a directed graph with S as the set of all vertices and for any two distinct vertices u and v of S, there is an arc from u to v if v = u m for some positive integer m. Then in [11] Chakrabarty, Ghosh and Sen defined the undirected power graph Γ(S) of a semigroup S such that two distinct elements u and v of S are edge connected in Γ(S) if u = v m or v = u m for some positive integer m. They proved that for a finite group G, the undirected power graph Γ(S) is complete if and only if G is a cyclic group of order 1 or p m for some prime p and positive integer m. Then Chelvam and Sattanathan proved that the power graph Γ(G) is Eulerian if and only if |G| is odd. They also showed that for the finite Abelian group G the power graph Γ(G) of the group G is planar if and only if either G ∼ = Z 2 × Z 2 × · · · × Z 2 or Z 3 × Z 3 × · · · × Z 3 or
In [7] , Cameron and Ghosh showed that for two finite abelian groups G 1 and G 2 , P(G 1 ) ∼ = P(G 2 ) implies that G 1 ∼ = G 2 . They also conjectured that two finite groups with isomorphic undirected power graphs have the same number of elements of each order. Throughout this paper we denote Γ * (G) = Γ(G) \ {e}, where e is the identity of the group G and a ∼ b means a is edge connected with b.
In this direction another well studied graph is zero -divisor graph. The zero-divisor graph of a commutative ring was introduced by I. Beck in [6] . Let R be a commutative ring with 1. The zerodivisor graph Γ(R) of R is an undirected graph whose vertices are the nonzero zero-divisor of R and two distinct vertices x, y are adjacent if xy = 0. There are many papers on assigning a graph to a ring, for instance, see [5] , [6] , [12] . An ideal based zero divisor graph of a commutative ring was introduced by Shane P. Redmond in [17] . In [17] , Redmond obtained the basic structure of the ideal based zero divisor graph. He characterized about the connectivity, planarity of the ideal based zero divisor graph. Also he found the clique number, girth and he showed some relations between the ideal based zero divisor graph Γ I (R) and the commutative ring R. Then some researcher generalized the concept of ideal based zero divisor graph in a semiring. In [4] Atani investigated the interplay between the semiring theoretic properties of the semiring R and graph theoretic properties of the graph Γ I (R) for some ideal I of R. He showed that two ideals I and J of the semiring R Γ I (R) = Γ J (R) if and only if I = J. Let I be an ideal of a semiring R. Then if there are nonadjacent elements a, b ∈ Γ I (R) such that the ideal J =< a, b > is prime to I, then diam(Γ I (R)) = 3. In [13] Elavarasan and Porselvi studied some topological properties of an ideal based zero divisor graph of a poset. They also studied the semi ideal based zero divisor graph structure of a poset P , and characterized its diameter.
Motivated by ideal based zero divisor graph we introduce a graph namely normal subgroup based power graph. Let G be a finite group having a normal subgroup H. Then the normal subgroup based power graph Γ H (G) is a undirected graph whose vertex set V (Γ H (G)) = (G \ H) {e}, and two distinct vertices x and y are edge connected if xH = y m H or yH = x n H for some m, n ∈ N.
Clearly normal subgroup based power graph Γ H (G) is a generalization of power graph Γ(G) in the sense that Γ {e} (G) = Γ(G).
In Section 2 we characterize some basic properties of the graph Γ H (G). Then in Section 3, 4, 5 we
give the interplay between the graph theoretic properties of the graph Γ H (G) and the group theoretic properties of the quotient group G H
. Finally in Section 6 we calculate the edge number of the graph Γ H (G) of any finite group G having any normal subgroup H, and we find the clique number and the chromatic number of the graph Γ H (G). We show that for a finite group G having normal subgroup G H is a cyclic P group, Γ H (G) is planar if and only if |H| is 2 or 3 and 2 Definition and basic structure
Let G be a finite group having a normal subgroup H. Then the normal subgroup based power graph Γ H (G) is a undirected graph whose vertex set V (Γ H (G)) = (G \ H) {e}, and two distinct vertices
x and y are edge connected if xH = y m H or yH = x n H for some m, n ∈ N.
Now we give basic structure of the graph Γ H (G) and we show the interplay between the graph Γ H (G) and the power graph P (
G H
).
Proposition 2.1. Let G be a finite group of order n and H be a normal subgroup of G.
is connected.
Proof. Here we show that every vertex of Γ H (G) is edge connected with e, the identity of the group
we have a n = e implying a n H = eH. And so a is edge connected with e.
Hence Γ H (G) is connected. 
edge connected with a i h 2 . So all vertices in any coset of H forms a clique in Γ H (G).
Corollary 2.3. Let G be a finite group of order n and H be a normal subgroup of G with |H| = m.
Then the normal subgroup based power graph
Proposition 2.4. Let a i H and a j H be two distinct cosets of H. If an element of a i H is edge connected with an element of a j H, then each element of a i H is edge connected with each element of
Proof. Suppose a i h i is edge connected with a j h j for some
where t is the number edges in Γ(

G H
Let G be a finite group and H be a normal subgroup of G. Now we give an important relation between the power graph Γ( A graph Γ is called complete if every pair of distinct vertices are adjacent. Let G be a group and let C be a subset of G that is closed under taking inverses and does not contain the identity. Then the Cayley graph Γ(G, C) is the graph with the vertex set G and the edge set E(Γ(G, C)) = {gh :
Theorem 3.1. Let G be a finite group of order n and H be a normal subgroup of G. Consider a, b ∈ V (Γ H (G)). Then the order of the cyclic subgroups < aH > and < bH > of
If k 1 ≥ k 2 , then < bH >⊆< aH > which implies that there exists m ∈ N such that bH = a n H.
Thus a and b are adjacent in Γ H (G). Similar is the case k 1 ≤ k 2 . Proof. We take the normal subgroup H = {e}. Then the result follows from above theorem. 
Conversely suppose that Γ H (G) is complete. Then the power graph Γ(
, where the sum runs over all group G such that
Proof. An element u ∈ G is adjacent to v in Γ(G) if and only if u ∈< v > or < v > < u >. Now there are |v| − 1 numbers of elements u ∈< v > which are adjacent to v. Since < v > < u >= C if and only if < v > < g > for every generators g of C, it follows that the total number of vertices 
implies that a ∼ bh for all h ∈ H and hence these
φ(|(a i H)|)+|(aH)|−2 non-identity adjacent cosets of H contributes |H|( φ(|(a i H)|)+|(aH)|−2)
to the degree of a in Γ H (G). Since
) contributes only 1 to the degree of a in Γ H (G) for a ∼ e. Thus we have the degree of a in Γ H (G) is As an immediate consequence, we have the following characterization of the Eulerian power graphs. Proof. Let the power graph Γ(
Hamiltonian, there exists a Hamiltonian cycle T = H ∼ a 1 H ∼ a 2 H ∼ · · · ∼ a n H ∼ H. Since
) implies that a i h l ∼ a j h m in Γ H (G) for all l, m = 1, 2, · · · , k and every coset a i H formes a clique in Γ H (G), so we can construct a Hamiltonian cycle in Γ H (G) as follows:
In [11] , Chakrabarty, Ghosh and Sen proved that the power graph Γ(G) is Hamiltonian for every finite cyclic group G of order ≥ 3. So by the above theorem it follows immediately that:
Corollary 4.5. Let G be a finite cyclic group and H be a normal subgroup such that [G : H] ≥ 3.
Then the graph Γ H (G) is Hamiltonian.
Planar normal subgroup based power graph
In this section, we characterize the planarity of the normal subgroup based power graphs.
First we show that a normal subgroup based power graph can neither be a tree nor a bipartite graph. Recall that a graph Γ is called a tree if it has no cycle. A bipartite graph Γ such that the vertex set V (Γ) of Γ is a disjoin union V 1 V 2 , where no two vertices in V i are adjacent, for i = 1, 2.
Theorem 5.1. Let G be a finite group and H be a nontrivial proper normal subgroup. Then the normal subgroup based power graph Γ H (G) contains atleast one 3− cycle.
Proof. Consider a ∈ G \ H. Then aH = H. Since H is nontrivial, so |aH| ≥ 2. Let b, c ∈ aH. Then b and c are adjacent and hence b, c, e forms a 3−cycle in Γ H (G).
Note that though, in the above theorem , we have not assumed |G| ≥ 3, yet it follows, otherwise G would have no nontrivial proper normal subgroups.
Also H is considered to be a nontrivial subgroup, just to avoid the case: every element of G is of order 2 and H = {e}. Chelvam et al. [10] proved that in this case Γ H (G) = Γ(H) is a tree. Even if every element of G is its own inverse, then also Γ H (G) contains a 3− cycle for nontrivial proper subgroup H of G.
Since a bipartite graph can not have an odd cycle, we have: 
Proof. Suppose that the graph Γ H (G) is planar. Let |H| > 3. Consider a ∈ G \ H. Then |aH| ≥ 4. Now four vertices of the graph Γ H (G) in the coset aH and the identity e of the group G forms a subgraph which is isomorphic to K 5 . So the graph Γ H (G) is not planar. Thus |H| = 2 or 3.
Then the proof of the necessary part will be completed if we can show order of every nonidentity element in the quotient group is 2. If possible on the contrary, assume that aH ∈ Conversely,
Hence if for a, b ∈ G \ H, aH and bH are non-identity elements of G H then a and b are not adjacent in Γ H (G). Also note that the elements of G \ H in a coset aH formes a clique. Since |aH| = 2 or 3 for every a ∈ G \ H, it follows that Γ H (G) has no subgraph isomorphic to K 5 or K 3,3 .
6 Some parameters of normal subgroup based power graph Then the total number of edges in the power graph Γ H (G) is
Theorem 6.1. Let G be a finite group and H be a nontrivial normal subgroup of G such that
Then the number of edges of the graph
Proof. Let a 1 H, a 2 H, · · · , a n−1 H, H be the all distinct coset of H in G. Then a 1 H a 2 H · · · a Then the number of edges of the graph Γ H (G) is
Also, by corollary 4.4 of [11] , we have the following corollary.
Corollary 6.3. Let G be a finite abelian group and H be its any nontrivial subgroup such that
, where each G i is a cyclic group of order n i , i = 1, 2, · · · , r.
Let Γ be a graph. Then the maximum size of a clique in Γ is called the clique number of Γ and is denoted by w(Γ). In Γ H (G), a ∼ b if and only if ah 1 ∼ bh 2 for every h 1 , h 2 ∈ H, and e ∼ a for every a ∈ G \ H, so it follows that clique number of Γ H (G) is of the form |H|q + 1.
Theorem 6.4. Let G be a finite group and H be a normal subgroup. Then
) with the maximum H implies that a 1 ∼ a 3 a contradiction. So a 2 H = a n 3 3 H. Similarly if a 3 H = a n 4 4 H we have a contradiction. Thus a 4 H = a n 5 3 H. Arguing similarly we have a 4 H = a n 6 5 H. Now if a 1 H = a n 7 5 H then a 5 ∼ a 2 and if a 5 H = a The vertex connectivity of a graph Γ is denoted by κ(Γ), is the minimum number of vertices whose deletion increases the number of connected component of the graph Γ or has only one vertex. Since the vertices of Γ H (G) in every coset form a clique, to increase the number of connected component, we have to delete packets of |H| vertices. Also e is connected to every vertices. Hence κ(Γ H (G)) is of the form |H|t + 1.
